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Abstract

Many methods for visualizing hypervariate data have
been employed. A general technique is to display a sub-
set of the total variable space. The variable space is
divided into two disjoint sets. The graphing subspace
and the conditioning subspace. Only the variables in the
graphing subspace are displayed. A subset of the con-
ditioning space is defined and an observation is visible
only if it is an element of the subset. The subset is usu-
ally a point or box and an indicator function is used to
determine if an observation appears on the graphic. Con-
tinuous conditioning provides several extensions. First,
there are no restrictions on the subset. Second, the indi-
cator function is replaced by a general distance function.
Finally, any visual characteristics, such as color, can be
determined by the distance an observation is from the
subset. These generalizations allow for a wide variety of
visualization methods.

1 Introduction

Continuous conditioning is one of many different tech-
niques available for viewing high-dimensional data.
Many other researchers have created, studied, and had
success with high-dimensional graphics. An incom-
plete list includes Asimov (1985), Carr (1988), Chernoff
(1973), Cleveland (1993), Hurley and Buja (1990), Scott
(1992) and Wegman (1990). As the technique is still
being developed, a comparison to other methods is not
presented. Further work is needed to decide what place
continuous conditioning holds in visualizing hypervariate
data.

To aid in understanding our method, we categorize
the characteristics of continuous conditioning in the tax-
onomy of Bujas, Cook, and Swayne (1996). Their sys-
tem classifies the characteristics of techniques and not
the techniques themselves. The main division is into two
categories, rendering and manipulation. In the rendering
category, continuous conditioning falls in the scatterplot
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subcategory. Manipulation is concerned with operat-
ing on individual plots and with organizing many plots.
Since continuous conditioning is used to find features
of interest, our method falls in the finding gestalt ma-
nipulation subcategory. Putting the two categories to-
gether, continuous conditioning is a method that renders
scatterplots to find structure in a hypervariate dataset.
While this implementation uses scatterplots for render-
ing, continuous conditioning is not limited to a particular
visual medium. Furthermore, all plot methods display
some features of a dataset. Therefore, gestalt finding
does not separate continuous conditioning from other hy-
pervariate visual methods. Our method is different by
its generality. The manipulation procedure is generalized
and the abstraction provides a mechanism to tailor the
rendering and manipulation to a particular application.

To give an example, coplots (Cleveland 1993) are a
specific case of continuous conditioning. Let the dataset
consist of 3 continuous variables, X;, Xo, X3, and let
Xi,; represent the value of variable j for observation
1. Define the graphing subspace to be the X; and X,
plane. Let the rendering method be a scatterplot having
X as the abscissa and X5 as the ordinate. Let the line
represented by X3 be the conditioning subspace. The
conditioning subset is one of several line segments. The
line segments are obtained by using the equal-count al-
gorithm (Cleveland 1993) with X3 as the conditioning
variable. Represent the set of line segments by S1, ..., Sk
and the current conditioning subset as S.. Let X; 3 be
the value of X3 for observation i. The distance function
is

| _J 1-Is.(Xi3) i X;3€8.
0(Xiz,8:) = { Is,(X;3) otherwise
where

1 if X;3 €8,

Is.(Xiz3) = {

The point (X, 1, X; 2) is drawn on the scatterplot only
if §(X;3,S5:) = 0. A separate scatterplot is drawn for
each S; (i = 1,...,k) and all of the plots are arranged

0 otherwise



in a static layout. Dynamic coplots (Wojciechowski and
Harner 1995) is an animated extension. One scatter-
plot is rendered and animation is achieved by repeatedly
setting S. to a new line segment and drawing the cor-
responding scatterplot. The discontinuous nature of the
indicator function prevents a smooth transition. While
this is a specific example of continuous conditioning, our
method can be used to enhance coplots.

The extension presented in this paper is to replace §
with a continuous distance function and to define the
transparency and possibly other properties of a point
as a continuous function of the distance. A fully trans-
parent point will not be visible, of course. The trans-
parency of a point is then a continuous composite func-
tion with X; ; and S, as arguments. Therefore, if S, is
slightly modified, the transparency of the observations
are slightly modified. A smooth animation is produced
by continually modifying S.. Furthermore, the scatter-
plot itself may be thought of as a composite function. As
long as each function in the composition is continuous,
smooth animation can be achieved by continually modi-
fying the arguments. This abstraction may be extended
by allowing any plot type to be defined as a composition
of continuous functions. From this perspective, statis-
tical graphics can be studied under continuity’s proper
setting, topology. This is an active area of research.

2 General Method

The details of continuous conditioning are presented. To
begin with, the variable space is divided into two dis-
joint parts, the graphing subspace and the conditioning
subspace. There is no correct separation of the vari-
able space. As with other statistical methods, variable
selection depends on the application, and the difficulty
increases with the number of dimensions. The graphing
subspace is displayed on the computer screen. It is not
necessary to display the conditioning subspace unless it
aids in comprehending the graphing subspace. A subset
of the conditioning subspace is defined. Then the graphic
is a continuous composite function of the subset and the
observations. The subset of the conditioning subspace
is constantly changed by a small increment. The def-
inition of small increment is given in the next section.
By continuity, the graphic will also change by a small
increment and a smooth animation effect is produced.
Selecting the subset and procedure to modify the subset
is an interesting problem this area requires further work.

2.1 Definitions

Mathematical notation will facilitate the description of
the technique and will be used in the remaining sections.

e (2 is the variable space and X is an n x d data matrix
such that X C Q. X consists of n observations and
d variables.

e 9 is the graphing subspace of {2 and X9 is an n xd,
matrix, where X9 C Q9.

e ()¢ is the conditioning subspace of 2 and X is nxd,
matrix, where X¢ C Q°.

e X°and XY are disjoint subsets of the columns of X
and dg +d. < d.

e S C Q¢ is the conditioning subset and Q7 is the
space of all S.

e ¢ is a distance function defined on Q5.
e X? is the ith row of X¢.
o §; = 0(X¢,S) is the distance X¢ is from S.

o m; = f(5;) is a function from R! to NP, where p is
the number of graphic properties depending on &;.

The last item defines a statistical graphic as a contin-
uous composite function depending on the observations
and the conditioning subset. Many plot types and condi-
tioning techniques can be implemented using this general
notation.

2.2 Algorithm

The animation steps are summarized as: initialize S, cal-
culate the graphic properties, draw the graphic, update
S, and repeat. The explicit steps are

1. Let Sy be the initial value of S.

2. Calculate m; fori=1...n.

3. Draw the graphic using the set of m;’s.

4. Set S = S* where S* is such that ¢(S,5*) =e.

5. Go to step 2.

As the steps are repeated, the graphic is constantly mod-
ified and an animation is produced.



3 Examples

Four datasets are presented. Two datasets are simulated
and the others are from S-PLUSTwu. Each uses a scatter-
plot to display both the graphing and conditioning sub-
spaces. The datasets and animations are described, but
no graphics are presented in the paper. The animations
are included as Quicktimern movies.

Two graphic properties are modified in each example,
color and transparency. Therefore, f(d;) is a function
from R! to R? and m; is a 1 x 2 vector. Let m; 1 be the
color and 7; » be the transparency of the ith observation.
As §; — 0, the point becomes blue and solid. As §; — oo,
the point becomes white and transparent.

Each animation has plots on the left and the right.
The left plot is the graphing subspace and the right plot
is the conditioning subspace. S is represented by the
points that range from blue to white in the condition-
ing subspace. The color of the points in the graphing
subspace correspond to their counterparts in the condi-
tioning subspace. As S is updated, the corresponding
graphing subspace modifications can be observed.

For each of the examples we use the following nota-
tion. Let X; represent the ith variable and X; ; represent
the value of the jth variable for the ith observation.

3.1 Simulated Multivariate Normal

The first example is provided to demonstrate how simu-
lated random data appears using continuous condition-
ing. The dataset is simulated from a three dimensional
standard normal distribution. X9 consists of X; and X5
and X¢ is X3. The conditioning subset, S, is defined to
be a one-dimensional point and §(X¢, S) = | X¢—S|. The
distance function on the set of S is ¢(S1, S2) = |51 — Sa|,
where S1, S, € QF. In practice, the range of S is between
the minimum and maximum values of X3 and the dis-
tances are scaled to reflect the finite limits of the data.
The left graphic is a scatterplot of X; and X5 and
the right graphic displays S. Observing the right plot, S
can be seen to slide between the minimum and maximum
values of X3. Points close to S are blue and solid. Points
that are far from S are transparent and white. As S is
modified, the animation is produced. Since the three
variables are independent, no trends are apparent.

3.2 Rotated sin Wave

This example uses simulated data to see if the continu-
ous conditioning method can detect an obvious pattern
in the data. The dataset consists of three variables. X; is
uniformly distributed on (0, 27) and X; o = sin(X, 1) +e,

where € is random error. X3 is uniformly distributed be-
tween (0,7) and controls the rotation of the sin wave.
The graphing subspace displays X; on the abscissa and
X5 on the ordinate. The conditioning subspace is plot-
ted as a line segment. S, d;, and ¢ are the same as in the
first example. If the graphing subspace is plotted with-
out conditioning on X3, there is no visible pattern in the
data. When conditioning is used, the rotated sin wave
is easily observed. The animation is in the rotate.mov
movie file. The structure of the dataset is readily seen
using a three-dimensional scatterplot. However, the ex-
ample is for proof of concept. It is also recognized that
simulated data containing more subtle trends should be
examined.

3.3 Environmental Data

For this example, the dataset is four dimensional and
is taken from the environmental dataset found in S-
PLUS™wm. It shows continuous conditioning detecting a
trend that is not known apriori as in the second example.
X9 consists of X1, X5, and X3 and X° consists of X4. S,
d;, and ¢ are the same as in the first two examples except
X4 replaces X3. X1, X9 and X3 are plotted in a three-
dimensional scatterplot. The movie file for this example
is enviro.mov. As the animation runs, two groups are
seen. One cluster is seen when S is near the small values
of X, and another group is seen for intermediate and
large values of Xj.

3.4 Hamster Data

The data for this example is a five dimensional dataset
taken from the hamster dataset in S-PLUStwm. It demon-
strates a case where S is not a single point. In this ex-
ample, S is an ellipse and the color and transparency of
the points depends on the distance a point is from the el-
lipse. The ellipse corresponds to a Mahalanobis distance
calculated using the sample covariance matrix and mean
vector. The graphing subspace depicts three of the five
dimensions and the conditioning subspace displays two
dimensions.

X9 consists of X7, X5, and X3. The conditioning vari-
ables are X, and X5. The graphing variables are plotted
in a three-dimensional scatterplot and the conditioning
variables are plotted in a two-dimensional scatterplot. S
is defined to be

S=9(p) ={X: X € (X - X)TE(X - X) = p},

where X and ¥ are respectively the sample mean vec-
tor and sample covariance matrix of X¢ and p is a given
number. This is an ellipse corresponding to a Maha-
lanobis distance of p. The distance between S and X



is
6(X7,9) = |u(Xy) — pl,

where p(X¢) is the Mahalanobis distance from X¢ to
X calculated with 3. Let S; and S, be two ellipses
as defined above and let p; and ps be the respective

Mahalanobis distances. The distance function on Q° is
defined as

#(S1,82) = |p1 — p2|-

Observing the hamster .mov movie file, the ellipse ex-
pands and contracts as it is modified. As the ellipse
moves towards its maximum expansion, it can be seen
where the outliers in the conditioning subspace lie in the
graphing subspace, assuming the data follows a multi-
variate normal distribution.

4 Summary and Conclusions

The continuous conditioning method has been intro-
duced and the general algorithm was presented. Al-
though an indicator function eliminates the continuity, it
was seen how coplots can be defined as a special case of
continuous conditioning. Four examples were presented.
The first example used simulated data to observe how in-
dependent variables would appear using continuous con-
ditioning. Using another simulated dataset, the second
example helped establish proof of concept by observing a
known trend. In the third example, two groups in a real
dataset were found. The final example exhibited a con-
ditioning subset that was not a single point and how to
modify that subset to produce the animation. Overall,
continuous conditioning is in its developmental stages
and the examples show promise for this new method.
Defining S and modifying S such that informative plots
are produced is an open challenge.
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